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Abstract 

We construct a simple model of fermion masses based on a spontaneously broken 
5*3 X Z3 flavour group. At the leading order, in the neutrino sector 5*3 is broken down 
to a — Vt parity subgroup that enforces a maximal atmospheric mixing angle and a 
vanishing ^13 . In the charged lepton sector the — parity is maximally broken and 
the resulting mass matrix is nearly diagonal. The charged lepton mass hierarchy is 
automatically reproduced by the 6*3 symmetry breaking parameter alone. A careful 
analysis shows that, after the inclusion of all relevant subleading effects, the model 
predicts ^23 = 7r/4 + O(A^) and ^13 = O(A^), Ac denoting the Cabibbo angle. A 
simple extension to the quark sector is also illustrated, where the mass spectrum and 
the mixing angles are naturally reproduced, with the exception of the mixing angle 
between the first two generations, that requires a small accidental enhancement. 
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1 Introduction 



On the eve of the tenth anniversary of the SuperKamiokande (SK) data on atmospheric 
neutrinos, that shook the whole field and gave rise to a decade of incredible excitement and 
activity, neutrino oscillation parameters are known to a sufficiently high precision to make 
desirable a theoretical description going beyond the mere fitting procedure. In particular 
the leptonic mixing pattern, so different from the one in the quark sector, provides a 
non-trivial theoretical challenge. The present data [1]: 

^12 = (34.5 ± 1.4)0 ^ = (42.3^1^)° , 9,^ = (O.Otli)' , (1) 

are fully compatible with the so-called tri-bimaximal (TB) mixing pattern, where 

sm''9u = l (^12 = 35.3°) , sin^ ^23 = ^ , sin^ ^13 = . (2) 

Several theoretical mechanisms leading to a nearly TB mixing have been suggested in the 
last years [21 [3l SI [5] . The TB mixing has the advantage of correctly describing the solar 
mixing angle, which, at present, is the most precisely known. Indeed, its la error, 1.4 
degrees corresponds to less than radians, where Ac ~ 0.22 denotes the Cabibbo angle. 

Reaching a similar sensitivity on 6'23 and ^13 will require some more years of work, but it 
is a remarkable feature that the central values of these angles remained surprisingly stable 
in the last ten years. The value of ^23 quoted above is largely dominated by the SK data. 
It is however noticeable that the independent determinations of ^23 by MACRO [6], K2K 
[7], MINOS [8] and SK [9j, analyzed in a two-fiavour framework, all select sin^ 2^23 = 1 
as best fit value. By removing the boundary sin^ 26'23 < 1? K2K, MINOS and SK prefer 
sin^ 2^23 slightly outside the physical region. Notice that the value of 6'23 extracted from 
three-flavour global fits, quoted in eq. ([I]), is slightly non-maximal. Such an effect becomes 
manifest when we move from the two-flavour analysis to the three-flavour one [10] . In the 
last case, the dependence on Amf^ is included in the analysis of atmospheric neutrino 
data and the deviation from maximality is due to the presence of a small excess of events 
in the sub-GeV electron sample of SK, which the two-flavour analysis cannot completely 
account for. At the moment such a deviation is not statistically signiflcant, but future, 
more precise data might conflrm that the maximality of ^23 is violated at the A^ level. 
The upper bound on 6*13 is dominated by the CHOOZ data [H], though the preference for 
a small 613 is also present in the solar and the atmospheric data samples. Moreover, the 
recent signiflcant error reduction on |Am23| by MINOS has also sharpened the CHOOZ 
bound on 6*13, which depends on |Am23|. From the theory point of view, maximal and 
vanishing mixing angles are special and many theoretical efforts have been devoted to 
explain how ^23 = vr/4 and/or 6^13 = can be generated. 

As a matter of fact, in the so-called flavour basis, the most general neutrino mass 
matrix giving rise to 6*23 = vr/4 and 6*13 = displays a z/^ — z/,- parity symmetry [T2] . 
Such a parity symmetry, when extended to the whole theory, is expected to be broken in 
the charged lepton sector by the large hierarchy m^/m,- <^ 1. In a realistic model the 
breaking effects, responsible for non- vanishing 6'23 — vr/4 and ^13, should have only a small 
impact on the neutrino sector. Assuming diagonal charged leptons, textures supported 



1 



by the — symmetry, including breaking effects, have been widely studied in the 
literature IT5| [16] . Special attention have been paid to the effect of small — v^. 
symmetry breaking terms coming from the neutrino sector on the values cos26'23 and 
sin^ 6'i3 . Depending on the type of neutrino mass hierarchy, correlations among small 
quantities such as sin^6'i3, cos 26*23 and R = Am^Q^/Am^j^ have been investigated. In 
particular, in simple frameworks, it turns out that sin^ 6*13 is strongly suppressed by R for 
normal hierarchy [T3]. Since the Dirac phase is absent in the — symmetric limit, we 
expect that deviations of ^23 ~''r/4 and ^13 from zero are sensitive to CP phases (including 
Majorana phases) |14j. Moreover, the breaking of the — Vr symmetry can be driven 
entirely by the introduction of CP violating phases [16J. In this case strict correlations 
between the CP violation and the broken v^^ — v^ symmetry can be established [§. However, 
in a general framework where the contribution to lepton mixing from the charged 
leptons, is only approximately equal to the unit matrix, many of these correlations are 
relaxed. For this reason, it is particularly instructive to explore models of fermion masses 
providing a consistent and unified picture of the neutrino sector and of the hierarchy among 
charged lepton masses. Only in such a context it will be possible to keep under control all 
possible breaking effects of the — symmetry and to achieve a realistic next-to-leading 
order prediction for cos 26*23 and sin^6'i3. 

Nowadays promising candidates for a unified picture of fermion mass hierarchies and 
flavour mixing are the models based on spontaneously broken flavour symmetries. The 
mixing angles, in particular the leptonic ones, are best understood by a mechanism of 
vacuum misalignment occurring in theories with non-abelian flavour symmetries @. In 
the various fermion sectors of the theory (up quarks, down quarks, charged leptons and 
neutrinos) the symmetry is broken along different directions in flavour space and the 
corresponding diagonalizations require misaligned unitary transformations, which end up 
in the desired mixing pattern. Such breaking schemes are easy to arrange in SUSY models 
based on small discrete symmetry groups, where the discussion of vacuum alignment is 
particularly simple and transparent. Also the fermion mass hierarchies can be achieved 
via spontaneous breaking of the flavour symmetry. However, in most separate 
component of the flavour group is exploited to this purpose. Quite frequently the flavour 
group is of the type D x V{X)fn where D is a discrete component that controls the mixing 
angles and lJ{V)piq is an abelian continuous symmetry that describes the mass hierarchy, 
along the lines of the original Froggatt-Nielsen proposal [19]. It would be desirable to 
have a more economical model where the same flavon fields producing the mixing pattern 
via VEV misalignment are also responsible for the mass hierarchies. Models of this type 

^The exchange symmetry between the second and the third generations has also been adopted as a 
texture symmetry not only for neutrinos but for all fcrmions 13J. Both lepton and quark mixing angles 
can be reproduced and there are enough parameters to fit the fermion masses, without however explaining 
their hierarchies. 

^CP violating phases associated to v^^ — breaking effects are also relevant in leptogenesis. In simple 
realizations of the seesaw mechanism, an exact v^J_ — symmetry in the Dirac mass matrix and in the right- 
handed neutrino mass matrix implies a vanishing primordial lepton asymmetry. A successful leptogenesis 
requires appropriate extensions of this scheme |JJ7j . 

•^Spontaneously broken discrete symmetries with preserved sub-groups can play also an important role 
in explaining the Cabibbo angle, see for instance [18]. 
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based on the gauged flavour groups SU{3) and 5*0(3) exist in the hterature [2D]- In 
these models the charged fermion mass hierarchies are obtained via a flamboyant flavour 
symmetry breaking sector and a particular choice of the messenger scales. It would be 
interesting to identify a kind of minimal flavour group with few flavon fields, able to 
provide a decent description of the main features of the fermion mass spectrum, including 
the approximate vanishing of ^13 and of 6*23 — 7r/4. 

In this paper we illustrate a model for lepton masses based on the small discrete 
group 5*3 X Z3. The non-abelian factor 5*3 is spontaneously broken by a special vacuum 
misalignment. This guarantees the relations 623 = n/A and ^13 = at the lowest order 
in the expansion parameters {^p)/A ^ 1 describing the symmetry breaking of S3. The 
same expansion also provides the required suppression factors that "explain" the observed 
hierarchies among charged lepton masses. There is no need of additional flavons or of 
additional group factors to describe, at the level of orders of magnitude, all lepton masses. 
The Z3 factor remains unbroken to forbid unwanted couplings between different fermion 
sectors. It is also of great experimental interest to establish at which order in <C 1 

the leading order results for 623 and 6*13 are potentially violated. After a detail analysis of 
all breaking effects, we get: 

e23 = j + o{xl) , e,3 = o{xl) , (s) 

where Ac is the Cabibbo angle. The structure of the model is very simple. The main feature 
is the spontaneous breaking of 5*3 by two sets of flavon fields, and (ip^,^). Thanks 
to a vacuum alignment property, {(pu,0 breaks S3 down to a z/^ — Ur parity subgroup, 
while ipe breaks 5*3 completely. In particular the z/^ — Ur parity is maximally broken by 
ipe- These two breaking patterns are selectively supphed to the Yukawa couplings of the 
theory. At the leading order of the expansion in VEV/A, A being the cutoff of the theory, 
ipe affects only the charged lepton mass matrix, which is nearly diagonal, while {fu,0 
controls the neutrino mass matrix, which remains invariant under the z/^ — Uj. exchange, 
thus guaranteeing 6*23 = 7r/4 and 6*13 = 0. Such a scheme is particularly economic in 
terms of new fields and new symmetries. A distinguished feature of our model is that the 
hierarchy of the masses in the charged lepton sector is also controlled by the S3 breaking 
and rrir, m^, rrie get their first non- vanishing contribution at the order {ipe)/A, (((y9e)/A)^, 
{{(Pe)/AY, respectively. This allows to estimate {{pe)/A ^ A^. We also analyze all the 
effects that can modify 6*23 = 7r/4 and 6*13 = 0. We discuss the sub-leading operators and 
we carefully minimize the scalar potential of the theory by including the relevant sub- 
leading corrections in order to estimate the deviations of the VEVs from the leading order 
alignment. The leading order alignment is not spoiled provided {(fu), {0 — {Ve) ~ A^A. In 
this regime the expected corrections to 6*23 = 7r/4 and 6^13 = are of order A^. Finally, we 
extend our construction to the quark sector. The down quark mass hierarchy is reproduced 
by the breaking of S3 , while the more pronounced hierarchy in the up quark sector requires 
an additional, spontaneously broken, Z'^ factor in the flavour group. The quark mixing 
angle are correctly reproduced, with the exception of the Cabibbo angle, which requires 
an accidental enhancement by a factor 3-4. 
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2 A problem with the z/^ — z/^ symmetry 

The most general pattern of lepton masses that automatically leads to 6*13 = 6^23 — vr/4 = 
is characterized by a i/^ — Vr exchange symmetry, as we briefly recall now. After breaking 
of the total lepton number (assumed hereafter) and of the electroweak symmetry, in a 
two-component spinor notation the lepton mass terms of the lagrangian read: 



r c 1 

L = —e rriie — -^vrriyii 



(4) 



where m; and iriy are the charged lepton mass matrix and the effective neutrino mass 
matrix. An arbitrary change of basis in the generation space, realized by means of unitary 
transformations VLe<^ and VLi acting on e'^ and I = (z/, e) respectively, modifies the form 
of mi and m^, but does not change the physics, in particular the charged lepton masses 
me, m^, mr, the neutrino masses mi, m2, and the mixing matrix Upmns- We can exploit 
this freedom to render diagonal the charged lepton mass matrix m/: 



m, 



diag(me, m^,m^ 



U 



PMNS 



diag(mi,m2,m3)[/]: 



PAINS 



(5) 



In this basis, the effective neutrino mass matrix is completely determined by the mea- 
surable quantities mi and Upmns- Indeed, any complex symmetric 3x3 matrix has 9 
real parameters as the number of parameters in m^ and Upmns- In the limit where both 
^13 and ^23 — 7i"/4 vanish, the PMNS mixing matrix becomes (apart from sign convention 
redefinitions and majorana phases): 



C12 S12 

UpMNS = I -S12/V2 C12/V2 -I/V2 

-S12/V2 C12/V2 1/V2 



(6) 



where we are left with the only dependence on the angle 6*12 , through cu = cos 6*12 and 
S12 = sin 6^12. 

In the preferred basis of eq. ([5]), the conditions 6'i3 = 6*23 — vr/4 = correspond to the 
requirement that the effective neutrino mass matrix m^ has the form: 



/ c-2b d d \ 
= d b + a b — a 
y d b — a b + a J 

where a, b, c, d are functions of mi, m2, m^, 612 : 

1/2 m3 

1/2 (mis^2 + "^2012) 
mi + m2 

1/ V2 (m2 - mi)ci2Si2 



(7) 



a 
b 
c 
d 



(8) 



All equivalent patterns of lepton mass matrices giving rise to ^^13 = ^^23 — 7r/4 = 0, are 
obtained from diagonal and m'^ of eq. ([7]), by means of f/(3)ec x U{3)i transformations. 
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However, in the flavour basis, where eq. holds, it is easier to verify that exhibits an 
exact z/^ — exchange symmetry. This z/^ — z/,- symmetry cannot be naively extended to 
the whole lepton sector. Since z/^ and Ur are members of the SU{2)l doublets (z/^,/i) and 
(z^T, r), in such a naive extension the theory would also be symmetric under the exchange 
of the left-handed charged leptons /x, r. But this property is difficult to reconcile with the 
large mass hierarchy -C m^. 

In some proposals, several Higgs doublets and abelian discrete symmetries of Z]si type 
are introduced to keep diagonal the charged leptons [15], [161 113 EI]) but the mass hierar- 
chies are obtained by fine-tuning the Yukawa parameters. Alternatively, we might try to 
exploit an abelian U(l)ir fiavour symmetry to reproduce the observed smallness of m^/m-r- 
The simplest possible charge assignment compatible with the z/^ — u^. parity is to give equal 
charges to the left-handed doublets (z/^,yu) and (z/T-,r), and different charges to ^'^ and t^. 
However such a choice implies a large contribution to 6*23 from the charged lepton sector, 
which would cause large deviations from ^23 = 7r/4. 

A partial solution to this problem is given by Grimus et al. |22j in a model based on a 
flavour symmetry x where dots denotes additional factors of the flavour group. We 
shortly review the main features of this model, by adapting it in order to make easier the 
comparison with our proposal. Left-handed lepton doublets are chosen as (1 + 2) of S^: 
li = (z/e,e) is the invariant singlet and Di = ((z/^,/i), (z/T-,r)) is the 5*3 doublet 0. Right- 
handed charged leptons e^, /i'^, t'^ are in a (1 + 2*) representation: the singlet is e'^ and the 
conjugate doublet is = {fi^,T'^). The neutrino sector explicitly possesses the z/^ — Ur 
symmetry, subgroup of 5*3. In the charged lepton sector, three scalar fleld ipi {i = 1,2,3) 
are introduced: 2 are singlets of 5*3 and (ps belongs to 1'. Thanks to an additional Z2 
symmetry under which only ipi and transform non-trivially, ipi couples with e'^ while ip2 
doesn't. The Yukawa interactions of the charged lepton sector are given by 

Ci = ^[fie'^lm + /2(A'A)¥^2 + /3(A'A)V3 + h.c] + ... (9) 

When the flelds ipi, ip2 and ip^ acquire VEVs Vi, V2 and V3 respectively, after electroweak 
symmetry breaking, the charged leptons acquire a diagonal mass matrix with 

me = flVi 

= f2V2 + f3V3 

rrir = f2V2 - hvz 

We see that the non trivial singlet ^p^ breaks the /i — r symmetry in the charged lepton 
sector. In order to obtain the hierarchy between the masses of and r a further symmetry, 
K, is needed: 

K : r^)-.(-^^,r^), ^2 ^ (10) 

The K-symmetry imposes /2 = —fz and V2 = and, when softly broken by (f2 — ^3) ^ 
{v2 + V3), we get: 

m,, f 2 — f 3 , , 

-Ji = ^ ^<1. 11 

rrir V2 + V3 

^Basic properties of S3 are reviewed in the next section. 
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The K-symmetry does not commute with S^, this means that the full symmetry group is 
not simply S^xK, but is rather generated by the elements in S3 and in K and consequently 
much larger than S^. Furthermore, the smallness of rrie is still not explained by this 
mechanism. In our construction, the problem discussed here is completely solved and the 
whole hierarchy nie <^ <^ uIt can be obtained without fine-tuning and without the 
need of any ad-hoc symmetry. 

3 A model based on the group Ss 

We are thus naturally led to the possibility that the — Vr symmetry is only a feature of 
the neutrino sector and it is strongly broken in the charged lepton sector. It is by now well- 
known how to realize such an hybrid symmetry pattern. We embed the Z2 parity arising 
from the Ufj, — exchange in a larger group G. Then we selectively couple charged leptons 
and neutrinos to two different scalar multiplets of G, and (v^jy, 0; respectively. Crossed 
interaction terms of the type i^e^^v and ^)e'^e are forbidden by a subgroup of G 
which will remain unbroken. The multiplets and (f>y acquire VEVs that break G into 
different subgroups. The VEV of >^i, breaks G down to Z2, which becomes the residual 
symmetry in the neutrino sector, while the VEV of <^e breaks G down to a different 
subgroup, not containing and guaranteeing a hierarchical, quasi diagonal matrix m;. 
Here we will make such a construction explicit by taking G — Ss x Z^. As we will see 
the powerful of such a broken flavour symmetry is that it will also produce a hierarchical 
structure in the charged lepton mass matrices without the need of an additional abelian 
symmetry. 

5*3 is group of permutations of three distinct objects and is the smallest non-abelian 
symmetry group. Geometrically, 6*3 consists of the rotations in three dimensions leaving 
invariant an equilateral triangle. It has six elements divided into three conjugate classes: 
the identity, cyclic and anti-cyclic circulations of triangle apices and three exchanges of 
two of three apices leaving the third fixed. Therefore 5*3 contains three irreducible repre- 
sentations, which are all real. 



Classes 


n 


h 


1 


V 


2 


Ci 


1 


1 


1 


1 


2 


C2 


2 


3 


1 


1 


-1 


G3 


3 


2 


1 


-1 






Table 1: Character table of ^'3. Cj with i=l,2,3, are the three conjugate classes of the 
group; n the order of a class, i.e. the number of distinct elements contained in a class; h 
is the order of an element g in a class, i.e. the smallest integer (> 0) for which g'^ — 1. 

The 5*3 group has a presentation given by the generators S and T which satisfy the 
following relations: 

S^^T^^ (ST)^ = 1 . (12) 
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The elements of 5*3 can be written as products of generators of the group: 1, S,T, ST, TS, T^. 
The even permutations are generated by T: {1,T, T^} and form a Z3 subgroup. The one- 
dimensional unitary representations are given by 

1 S = 1, T = l 
1' S = -l, T = l 

This means that S3 should be broken down to Z3 by the VEV of a pseudo singlet scalar 
field. The two-dimensional unitary representation 2 of S3 is given by: 



S= T= 1 . (13) 





S corresponds to an interchange Z2 symmetry of the two components of a doublet field. 
For this reason, 5*3 can be broken down to a Z2 subgroup by the VEV of a doublet scalar 
field: (ip) = (f , v). 

The tensor products involving pseudo-singlets are given by 1' x 1' = 1 and 1' x 2 = 2. 
While the product of two doublets is given by 2 x 2 = 2 + 1 + 1'. From the complex 
representations of S and T given in Eq. ( fT3l) . one can explicitly calculate these basic 
tensor products. Given two doublets ip = {ipi^ ^2)* and (p = (v^i, 7^2)*, it is easy to see that 



'ipi^2 - V^2V5i el' V ^iv^i 



e 2 (14) 



The complex conjugate belongs to the anti-doublet representation 2* for which the 
representation matrices become {S*,T*). Defining 



^2 



and using aiS*ai = S and aiT*ai = T one can show that ip' transforms as a doublet of 
S'3. Then from Eq. f|T4l) we have 



G2 . (15) 



The form of tensor product, and consequently the resulting fermion mass pattern, depends 
on the group basis. Other bases are also adopted in the literature. The most important 
example is the non irreducible permutation basis in which the representation matrices for 
5*3 are given by the label-changing matrices. A study of the various basis of 5*3 (observe 
that by a change of basis, it is possible to make both S and T real) and general forms of 
mass matrices in models based on 5*3 can be found in [23] . 

Now we describe a model based on a spontaneously broken S3 fiavour symmetry in 
which the lepton fiavour basis is approximately reproduced by a particular VEV alignment. 
To achieve the desired alignment in a simple way, we work with a supersymmetric model, 
with N=l SUSY, eventually broken by small soft breaking terms. The left-handed doublets 
transform as (1 + 2) of S3 and we will call /i = (z/g, e) the invariant singlet and Di = 
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{{u^.n), (z/^,r)) the 5*3 doublet. The right-handed charged leptons e^,^'^,T'^ are all in the 
non-trivial singlet representation 1'. The flavour symmetry is broken by two doublets 
ipe, and a singlet S,- We assume that the flavon fields which break the 6*3 symmetry are 
gauge singlets. In addition, we introduce an extra abelian symmetry Z3 in such a way 
that ify and couple only to the neutrino sector and to the charged lepton sector, at 
the leading order. We summarize the transformation rules of the fields in Table 121 



Field 


hu,d 


h 


Di 












i 


^3 


1 


1 


2 


1' 


r 


1' 


2 


2 


1 


^3 


1 






^2 


u;2 




1 







Table 2: Transformation properties of matter and fiavon fields under the fiavour group. 
The Yukawa interactions for the lepton sector are controlled by the superpotential 

W = \ We (16) 

where we have separated the contribution to neutrino masses and to charged lepton masses. 
For neutrinos we have: 



(17) 



where dots stand for higher-order contributions. As we will see later, ip^ and ^ develop 
VEVs of the type 

{'P^v) = {v^,Vy) , {^)=u . (18) 
After the flavour symmetry breaking and the electroweak symmetry breaking, Wy becomes: 

giving rise to the following neutrino mass matrix: 

/ ViX y3 ys \ 



2^ 
A2 



yi y2x 
\ yz y2x yi ) 



X 



u 



(19) 



This mass matrix is of the form ([7]) since Wi, respects explicitly the i^^ — Ur interchange 
symmetry. It is diagonalized by sending v into U^v, where 



C12 S12 

Uu = I -S12/V2 C12/V2 -I/V2 
-su/V2 C12/V2 I/V2 



(20) 



8 



In the charged lepton sector, the leading terms of the superpotential are given by: 

We = 1t\Di^,)' ^ + (/3y + 7V)(A¥^e¥^e)' ^+(«V + /5V + 7V) h {^e^e^e)' ^ + ... 

(21) 

where dots stand for additional operators of order 1/A^, to be specified in the next section. 
The electroweak singlets e'^, /z'^ and r'^ have the same quantum numbers and above, without 
loosing generality, we have defined t'^ as the field coupled to (Diipe)' and {jS'fj,^ + ■y'r'^) as 
the combination coupled to (Diipeipe)'- As we will see ipe acquires a VEV of the type: 

{y^e) = {v,0) . (22) 

Such a VEV breaks the parity symmetry generated by S" in a maximal way, since 

{^eyS{^e)=0 . (23) 

We get: 

We = iT'^TVd [j) + (/3V' + Vr^) fiVd (^) ' + (a"e'= + /J'V'^ + ^r") ev^ [j) ' . (24) 

Notice that, provided the ratio v/A is much smaller than one, We generates a hierarchical 
mass pattern, as desired: rrie <^ <^ rrir. We see that the ratio v/A should be approxi- 
mately equal to the ratio m^/m,-. We also notice that (ipeipe)' = due to anti-symmetry 
and consequently the electron mass is not generated at the same order as the muon masqj. 
This is a very nice result because we will end up with a nearly diagonal and hierarchical 
mi without a Froggatt-Nielsen mechanism based on a continuous U(l) flavour symmetry. 
We define the expansion parameter 

v/A = X^ . (25) 

The resulting charged lepton mass is of the type 

/ «"A4 \ 
mi = vA^ , (26) 

with approximate eigenvalues: 

TTir ^ -fX'^Vd , nif, ^ (3'X'^Vd , me ^ a"X'^Vd . (27) 

In order to reproduce correctly the charged lepton hierarchy, A ~ Ac where Ac is the 
Cabibbo angle. The adimensional constants 7, 7', 7", P", a" are numbers with absolute 
value of order one and we find that the transformation needed to diagonalize mi is: 



miUe = diag{me,m^,mr) , (28) 



^Observe that a term (a"e^+/3"/i'^+7"T^) h {^pyfufu)' /id/A would be allowed by S3 and Z3 symmetries 
but {ifyifyifv)' — due to the specific VEV alignment {^p^) ~ 1). Similarly {ipyipuC)' = 
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where the unitary matrix f/g, parametrized in the standard way, involves rotations of order 

= 0(A2), = O(A^), = 0(A2). The lepton mixing matrix is then Upmns = 
where is given by Eq. fl20l) . We see that Ui introduces deviations of ^^13 and 62^ from 
and 7r/4, both of order A^: 

Oiz = 0{\l) , ^23 = ^ + 0(A^) , (29) 

Additional deviations induced by sub-leading contributions will be discussed in the next 
section. 



4 Vacuum alignment 

In this section we discuss the minimization of the scalar potential leading to the results 
given in eqs. fll8|22l) . Notice that the superpotential w of eqs. fll6lll7ll2ip is also invariant 
under a continuous U{1)r symmetry under which matter fields have = +1, while Higgses 
and flavons have i? = 0. Such a symmetry will be eventually broken down to R-parity by 
small SUSY breaking effects that can be neglected in first approximation in our analysis. 
The superpotential must have R = 2 and, to obtain non-trivial minima for the flavon 
fields, we introduce two driving multiplets with R = 2: a. full singlet x under the flavour 
group and a doublet transforming as {2,uj) under ^3 x Z^. Under these assumptions, 
at the leading order the superpotential depending on the driving flelds is given by: 

= 2aX<^el'^e2 + bi'l{<^ulf + H2{Vu2)'^ + C^i^l'^u2 + <^i^2^ul ■ (30) 

In the SUSY limit the condition for the minima are: 

dwd 



dx 

dwd _ ^1 _ ^2 



2a(pelVe2 = 



= %.2)' + ce<^.i = , (31) 

This set of equations admit the solution: 

{^,) = {v,0) , {^^) = -^(u,u) , {0 = u , (32) 

with V and u arbitrary complex numbers. The flat directions along ip^i and ^ can be 
removed by the interplay of radiative corrections to the scalar potential and soft SUSY 
breaking terms. As we have seen, to correctly reproduce the hierarchy of charged fermion 
masses we must assume v/A = O(A^). The alignment of <^e and <^i/ is modifled when 
higher- dimensional operators are included in the analysis. At the next-to-leading order, 
the superpotential acquires the additional contribution 

Swd = X: JI^ (33) 

i=l 
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where /j is a basis of independent invariants of dimension four: 



h 


= xvl 


h 


= X^l 


h 


= X^l^ 


h 


= xe 


h 




h 




h 




h 





We look for a new SUSY minimum of the scalar potential generated by Wd + 5wd 
working around the leading-order minimum fl32|) . we find 



with V and u still arbitrary and 



{'■Pv) = "^("^ + Sui,U + 6U2) 



u 



(34) 
By 

(35) 



5v 

V 

u 

U 



di {2c^d2-2hc^d^-h^di) 
2bcdY + b'^dg 



c\2d5 + 3de 



36c2 

0^(44 + 3^6) - 2bcd7 + 2b'^ds 
3b? 



u 

V 
V 

A 

V 

A 



V 

A 



(36) 



We see that 5ui^2/u are of order v/K ^ and, barring accidental relations, they are 
different, thus modifying the leading order alignment ip^, oc (1, 1). We see that also 6v/v 
is of order v/A ^ A^, provided u < v. This last requirement is important in order to 
maintain the pattern of mi discussed above. 

The mass matrices my, eq. f|T9|) . and mi, eq. fl26l) . are modified by sub leading terms 
in the expansion in 1/A. The neutrino mass matrix is modified by terms of relative order 

by two independent effects: terms originating from higher-order operators containing 
an additional insertion of v^e/A and terms originating from the modification to the leading 
order vacuum. 

Coming to the charged lepton mass matrix, the higher dimensional operators whose 
effect cannot be absorbed in the parameters 7, 7', 7", a" are those contributing to 
the elements 12, 13 and 23, that vanish at the leading order. They are: 



where = [e'^ , fi'^ , t'^) . Their contribution is of order {u/A)^ < A^ and they do not spoil 
our conclusion about the contribution Ue of mi to the mixing matrix Upmns- Finally 
we should account for the modified vacuum, eq. fl5S]) . We find that also this effect does 
not modify the order of magnitude of the Ue mixing matrix. In conclusion, there are no 
further contribution to the lepton mixing coming from mi and the modification to m^, are 
of relative order A^. Therefore our previous results, eq. (p9|) . are stable under inclusion of 
subleading effects. 
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5 Quark masses and mixing angles 



The flavour group 5*3 x Z3, with few additional ingredients, can also provide a satisfactory 
description of the quark sector. We recall three special features of quarks. First, the 
top mass is very close to the electroweak symmetry breaking scale, v = \/v\^ v\ ~ 
174 GeV, indicating an unsuppressed, renormalizable Yukawa coupling for the heaviest 
quark. Second, the hierarchy among quark masses of the up type is much more pronounced 
than the hierarchy in the down quark sector. Third, the mixing angle Ac between the 
first two generations is the dominant one. The first feature suggests to adopt for quarks a 
different S'3 assignment. We still put left-handed quarks in a (1 + 2) representation of S'3, as 
for the left-handed leptons. We call qz = (t, b) the invariant singlet and Dg = ((-u, d), (c, s)) 
the S'3 doublet. At variance with the lepton sector, we assign all right-handed quarks to 
the invariant singlet 1@. As a consequence, there is one combination of right-handed quarks 
of up-type, denoted by f^, directly coupled to a left-handed quark ^3, the invariant singlet 
under S'3, thus providing a renormalizable Yukawa interaction for the top quark. The 
second feature requires an extension of the flavour group, to differentiate up and down 
quarks. A simple extension is provided by an additional Z'^ factor. The flavour symmetry 
becomes S3 x Z3 x Z3. Leptons do not transform under the new Z'^, so that the whole 
construction of the previous sections remains unchanged. In the quark sector we assume 
the transformation properties: 

u"" — * UJ u"" 

{d', s', c") ^ [d", s', c") , (38) 

and the remaining fields are taken invariant under Z3. To complete the construction we 
introduce a new flavon field, transforming only under Z'^ as ^' ujC,', and developing a 
large VEV: 

{0=u , j^X". (39) 
These transformation properties are summarized in table 2. With this charge assignment. 



Field 


D, 


?3 


d'^, s'^, b'^ 










^3 


2 


1 


1 


1 


1 


1 


1 


Z3 


uo 


UO 










1 




1 


1 




UJ 




1 





Table 3: Transformation properties of quarks and the flavon field ^' under the fiavour 
group. 

the leading operators contributing to quark masses are: 

Wq = Wdown + Wup ■ (40) 

^Observe that there is another equivalent choice of classification scheme under S'3 for quarks: qi 
transform as (1' + 2) and the right-handed quarks transform as 1'. The resulting quark mass matrices 
remain unchanged. 



12 



In the down sector we have: 

(41) 

where we have defined b*^ as the field coupled to ^3 and (/3^s'^ + 'j'd^'^) combination 
coupled to {Dqifg). For up type quarks we obtain: 



up 



+ 



+ + + 7^^^) {D,^) h, + ... (42) 

The superpotential Wq, after electroweak and flavour symmetry breaking, gives rise to the 
following mass terms: 



Wq = idh" h vA''' + {(^'dS" + idb") s VdX^X" + {aid'' + + i^h'') d v^X^X 
Assuming that the VEV of ^' is similar to the VEV of ^ and ipe'- 



4x/2 



A=^ 



= X^ 



A 



(43) 



(44) 



we find that the quark mass matrices have the following pattern 





fx' 





0\ 




rrid = 


A^ 


A^ 









\x' 


A2 








( 


A^ 


A^ ^ 




rriu = 


A^ 


A^ 


A^ 








A2 


1 y 





(45) 



(46) 



where we have set to one the unknown coefficients au^^--- We see that the quark mass 
hierarchy is correctly reproduced by the interplay of the symmetry breaking parameters 
A and A', once we take A A' Ac. 



mt : mc : m„ 
mb-.ms-. rud 



1 : A^ : A^ 
1 : A? : A^ 



We have sufficiently many order-one free parameters au,d, ■■■to provide a good fit to the 
quark masses. Also the Vckm mixing matrix is well reproduced, at least at the level 
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of the powers of Ac, with the only exception of the Cabibbo angle, which in this model 
is a combination of two independent contributions of order X^. We need an accidental 
enhancement of this combination in order to obtain the correct Cabibbo angle. 

In summary, our flavour symmetry can be easily extended to the quark sector. Almost 
all quark masses and quark mixing angles are satisfactorily described by the spontaneous 
breaking of the symmetry S3 x x Z'^. All dimensionless coefficients of the lagrangian 
are numbers of order one. No ad-hoc relations are required, with the exception of a 
moderate tuning needed to reproduce the Cabibbo angle. Unfortunately, the number 
of free parameters, the order-one coefficients au^d, is too big to allow to formulate 
a quantitative, testable prediction, beyond the order-of-magnitude estimates illustrated 
above. A generic prediction of our model is that tan/? = Vu/vd is of the order one, 
since the hierarchy between top and bottom quark is ascribed to a symmetry breaking 
parameter, A'^, rather than to Vu ^ Vd- 

6 Conclusion 

In the near future significant improvements on the parameters of the lepton mixing matrix 
are expected. The angles ^13 and 623 will be constrained with an accuracy of about A^, 
and it will be possible to establish more precisely how close are ^^13 and 6*23 to zero and 
to 7r/4, respectively. This will allow to discriminate between different models of fermion 
masses. Many models predict a generically large 623 and a generically small ^13, with 
deviations of order one from the reference values ^13 = and 623 — 7r/4. Only in a 
selected subset of the existing models a nearly maximal 623 and a nearly vanishing ^13 
are expected. Even in these last 'special' models ^13 = and 623 — tt/A generally arise 
only as leading order results of a power series expansion. The expansion parameter is the 
ratio {^p)/A between the VEV of some field spontaneously breaking the underlying fiavour 
symmetry, and the cut-off A of the theory. Therefore it is of great interest to provide an 
accurate estimate of the expected deviations from the leading order predictions. Here we 
have analyzed one of the simplest models that enforce ^13 ^ and 623 ~ 7r/4, thanks to 
an approximate — Vr parity symmetry of the neutrino sector. This parity symmetry 
is part of a larger flavour symmetry, 5*3 x Z3, of the whole lepton sector, spontaneously 
broken along two different directions for neutrinos and charged leptons. respectively, as 
a consequence of a specific vacuum alignment. In the charged lepton sector the — 
parity symmetry is maximally broken. A noticeable feature of the model is that the mass 
hierarchies between charged leptons are completely determined by the symmetry breaking 
of the permutation group, without the need of any additional ad-hoc ingredient. We 
find 023 — n/A + 0{\l) and 613 = 0{\l), where the 0{\l) corrections come from the 
contribution of the charged lepton sector and are related to the mass hierarchies. We have 
carefully analyzed subleading effects due to higher dimensional operators that modify the 
Yukawa couplings and the vacuum alignment and we have verifled that they do not spoil 
the above predictions. We have also briefly discussed how to extend the model to the 
quark sector, where, with a minimal enlargement of the fiavour symmetry, masses and 
mixing angles are correctly reproduced, with the exception of the mixing angle between 
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the first two generations, that requires a small accidental enhancement. 
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